ON A CLASS OF STOCHASTIC PROCESSES WITH
TWO STATES AND CONTINUOUS TIME PARAMETER

BY
DUDLEY PAUL JOHNSON

0. Introduction. In this paper we consider those two state continuous time
parameter stochastic processes which have the property that any future and past
events are independent given the present, the time elapsed since the last jump
and the holding time distribution at the last jump. This is similar to the two state
stochastic processes discussed by H. P. McKean, Jr. [6] and D. P. Johnson [4]
for which any future and past events are independent given the present and the
distribution of the present. The first half of this paper develops the general theory.
The second half contains, in the form of our main theorem, a concrete application.

To be more precise, let E be the set of integers {+ 1, —1}, Q the set of all right
continuous functions » mapping the nonnegative real numbers R, into E, 7,(w)
the time of the kth jump of w, 7, =lim,_, ., 7, and mw) the number of jumps of
w in the interval [0, s]. If

x(w) = o(f), 1< 7o)
= 400, t 2 1o(w),
A is the o-field generated by x;, s < ¢, A4 is the o-field consisting of all A € 4% for
which A N (r,<t)e /¥, t€ R,, A is the smallest o-field containing A%, k=0, 1,
2,...,and if P is a probability measure on .4; then the collection X=(Q, x;, A4, P)
will be called a characteristic process.
The main result of this paper is the following theorem:

THEOREM 0.1. The following two classes of characteristic processes are identical.

1. The class € of characteristic processes X=(Q, x, n, P), where the measure
P is defined in the following manner. Let X *=(Q, x,, v, P*) be a Markov chain with
holding time distribution exp (— £t) from both + 1 and — 1. Let o,, e € E be mappings
of R, into itself which are bounded, nonnegative, monotone increasing and for which
o dey(£)=1, and let § be the mapping of Q onto itself defined by

d(w)t) = «(0) if2kn £ my(w) < (2k+1)n for some k = 0,
= —w(0) otherwise.

Define for each Be N
P(BO (% = €)) = f " PH5-1(B)) duf®).
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II. The class %y of all characteristic processes for which P(t,= | #,,_,)=0,
P(tpi1> T+t | Nm-1, Tn=5) has derivatives almost everywhere of all orders in
s,teR,, and

[t (rn= 8" Mmea— §" 1 dE
Jﬁm*a (Tn= " (e — &1 dE

Tm

(1) P.(Tm+1 S Tpts | N ms Tm+2) =

foreachmz0andall s€ [0, 7, 2— Tyl

(See [2] for a proof, using different methods that ,%; is identical to the class of
all processes for which P(m,=m,+1 | m=m,+1)=(s—r)(t—r)~* whenever
r<s<t)

In proving this theorem we will proceed as follows: in §1 we prove some general
theorems on characteristic processes; in §2 we associate families of operators
with classes of characteristic processes and study the relationship between these
operators and the characteristic processes they represent; and finally, in §§3, 4, and
5 we prove the main theorem.

1. Characteristic processes. A function h=h(w; m, t) mapping QxZ, xR,
Z, being the set of all nonnegative integers, into [0, 1] will be called a holding
functional if there exists a characteristic process X=(Q, x,, A4, P) for which

h(w;m, t) = P(Tpyy > T+t | Ny), ae.
The following theorem is basic.

THEOREM 1.1. Let X=(Q, x;, #, P) be a characteristic process and let h be its
holding functional. If § is a N 1, .., measurable function and if w,(us, . . ., w,) is a sample
Sunction w with »(0)=e and (w)=u,, i<k, then '

E(¢i[lm+"<w] I ‘/Vm) = (_ l)n f . f 'ﬁ[wxo('rla ceey Ty Uy - - oy un)]

tmSU1S...SU,

n-1
-h(w; m, du, — 7,,) H hlwe(T1, - ooy Ty Usy o .oy Uil);
e m+k; du..,—u)], a.e.
where 1, is the indicator function of the set A.

Proof. We first note that if i is #,, measurable, then i is a function of x,, 74, . . .
T, only; see [3, p. 87] for a proof of this. Thus the theorem holds for n=1. Suppose,
the theorem holds for n. If ¢ is A}, ., 1 measurable, then using the fact that

E(¢I[zm+n+1<wl I "Vm = E[E(‘/’I[tm+n+1<°°l | "Vm+n) | "Vm] a.e.,
the reader can easily complete the proof by induction on n.

CorOLLARY 1.2. If X=(Q, x;, A, P) is a characteristic process, then the distri-
bution of X is uniquely determined by its holding functional and P(x,=e).

From Tulcea’s Theorem [5], we have

COROLLARY 1.3. Necessary and sufficient conditions that a function h=h(w; m, t)
mapping QxZ, x R, — [0, 1] be a holding functional are



1969] ON A CLASS OF STOCHASTIC PROCESSES 259

(i) h(w; m, t) is a N, measurable function of w for each m, t.
(ii) For almost all « and for each meZ ., h(w; m,0)=1 and h(w; m,t) is a
decreasing right continuous function of t.

2. Linear families of operators. Let X=(Q, x;, 4, P) be a characteristic process
with associated holding functional h. Suppose that & is the set of all right con-
tinuous functions mapping R, into R,, and that for each s€ RX¥ =R, \{0}, V, is
an operator mapping a subset # (V) of & into # (V) such that h(w; i, -) € F(V),
Voh(w; i, -)(0)#0, and

) h(w; i, t) = (Vyyoy,_ (w; i—1, )X(2), a.e.

where {f>(t)=f(¢)/f(0). The set of all characteristic processes which satisfy
(2) will be denoted by €(V). 2(V) will be the set of all functions fe #(V) for
which there exists a characteristic process X=(Q, x;, #; P) e ¢(V) and an & € Q
with P[x,=x0(®)]>0, such that f(t)=h(®; 0, ¢). By Corollary 1.2, there corre-
sponds to each function fe Z(V) and e€ E a unique characteristic process
X=(Q, x;, #, P) contained in €(V) for which P(x,=e)=1and h(w; 0, 1)=f(¢), a.e.
The process X and the corresponding measure P will be denoted by the symbols
B, f and A, f respectively. We therefore have

THEOREM 2.1. Let V=V,, s€ RX be a family of operators mapping a subset
F(V) of F into F(V). Then to each function f€ D(V) and e € E, there corresponds
a unique characteristic process B,f=(Q, x,, ¥, A.f) contained in €(V) for which
P(xo=e)=1 and f(t)=h(w; 0, t), a.e. Conversely, if X=(Q, x;, #,P)e€(V) and
if P(xo=e)=1, then X=B, f where f(t)=P(r,>1).

We will consider the operators 4., e € E of the last theorem as mappings of
2(V) into ca (Q, A"), the linear space of all measures on the measurable space
(Q, A). A family of operators V=V, s € R¥ mapping a subset #(¥) of F into
F (V) will be called linear if:

(i) #(V) is a linear subspace of & and 2(V) is convex,

(ii) V, is a linear operator for each s € R,

(iii) The corresponding operators 4., e € E are affine.

A family of operators V,, s € R¥ will be called singular if for some s € R¥, <V,f)
=(V,g> for all f, g € D(V).

THEOREM 2.2. Let V=V,, s€ R% be a nonsingular family of linear operators
mapping a linear subspace F(V) of F N C*, C* being the set of all infinitely differen-
tiable functions on R, into F (V). Suppose that D(V) is convex and that for each
feF(V)andte R, V,f(t) is continuous in s. Then a necessary and sufficient con-
dition that the operators A,, e € E be affine, is that there exist a function a(-) such
that for all fe D(V), D,f(s)=a(s)V,f(0).

Proof. To prove the necessity, assume that the operators A4, are affine. If
f[,8€e29(V),xe(0,1]and e € E, and if h;, h, and h,; , ; - ), are the holding functions
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associated with B.f, B.g and B,(of+(l —a)g) respectively, then by Theorem 1.1
and our assumptions of the continuity of V,f(¢) in s and ¢, we must have
[Dshas s 1 - are(@e; 05 $)I[Dibtas s 1 - wpowe(s)s 1, )]

= a[Dshy(we; 0, )I[Deh(we(s); 1, )]+ (1 — )[Dshy(we; 0, )] Dihg(we(s);e1, 2)]

or, in terms of the operator V.,

[eDsf(s)+ (1 — 2)Dsg(s))[x DV f(£) + (1 — ) DV g(1)]/ ¥ f(0) + (1 — ) V;8(0)
= [ D, f($)1D.V,f(1)[Vf(0) + (1 — ) [ D;g(s)1D:Vg(2)| V:£(0).
This last equation can be rewritten as
(= 2+ o)V, f(0)D.Vsg(t)— Vsg(0) D,V f()][V:8(0) D, f(s) — Vs f(0)Dsg(s)] = 0.
Thus for each pair of functions f; g € 2(V) and s € R%, either

[D:f()1/V:f(0) = [Dsg(s)]/V58(0)
or
D,V f(t)|V.f(0) = D,V,g(t)|V,g(0), allteR,.
This implies that for each s € R%, either

[D,f())/V:f(0) = [Dsg(s)1/V:8(0), allf,ge2(V)

or

DV f()[Vsf(0) = DV;g(t)/V:g(0), allf,gcP(V) and teR,.

But the family of operators ¥V is nonsingular and so the first equality must hold.
Letting a(s) equal [D,f(s)]/V.f(0), the necessity is proven. To prove sufficiency,
we need only show that the functional

I(f) = [Dyfls)] H [Day .,y [eostss - - - 14); Ky = 0]
satisfies
Nef+(1—a)g) = «I'(N+(1-)(g), f,geD(V)and a€|0,1].

The reader can easily verify that this is the case.

If V,, s€ R% is a nonsingular linear family of operators with #(V)<C* and
V,f(t) continuous in s, then since we are interested in the value of (¥,f) and not
V.f, we can and will assume that D,f(s)="V,f(0), all fe F(V).

THEOREM 2.3. Let V=V,, s€ R%X be a nonsingular family of linear operators
mapping a linear subspace F(V) of F N C= into F(V). Suppose that D,f(s)
=V.f(0) for all fe (V) and that for each fe (V) and te R, V,f(t) is con-
tinuous in s. Then a necessary and sufficient condition that fe D(V) is that f(0)=1
and

3 (=D)"Vs,- - Ve f(£) 2 0
Jor all choices of n, s, ..., Sy, L.
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Proof. If fe 2(V), then, as the reader can easily check,

hlow(sy, S1+582, ..., 814+ +8)sn, -1 =V - Vo f)

and hence:

@) Vs, --- Vs, f is either positive and monotone decreasing or negative and
monotone increasing.

(i) DsVs,, T Vslf(s)= VsVsn T Vslf(0)~
Clearly D,f(s)<0 and hence V,f(0)=D,f(s) <0 which implies by (i) above that
V.f(¢) 0. Thus (3) is proved for n=1. Suppose (3) holds for n. Then (i) implies
that (—1)"V;, - - - V,, f is monotone decreasing and hence (—1)"D,V; - - - V; f<0.
Thus by (i), (—1)***V¥,, - V5, f(0)20. Using (i) once again we see that
(=D V¥, - - - Vi, f(1)20 which proves the necessity of (3). To prove suffi-
ciency, suppose that fis in the domain of ¥ and satisfies (3). Then (—1)"D,V;_ - --
V5, /(s)=0 and thus the functions <V, - - - V,, f) are nonnegative and decreasing.
It follows from Corollary 1.3 that the functionals

h(w; m, t) = <V‘tm—‘tm_1 tet V11f>(t)
are holding functionals and thus fe 2(V).

THEOREM 2.4. Suppose that V=V, s€ R% is a nonsingular linear family of
operators whose domain F (V) is contained in C®. If X=(Q, x,, #, P)e€(V),
f()=h(w;0, ), a.e., and if Y is a N, measurable function, then
By | Ho) = O [ty [ de- |

m Uy

Up —

. Vu,.—u,.-l te Vul—tm<V1m-tm-1 T V,1f>(0), a.e.
Proof. Let h be the holding functional of X. Then

dun‘l’[wxo(‘rh ceeyTmy U0y un)]
1

[Dy,h(w; m, uy—7y)] :H—i [Dyy o Plwe(Ts - ooy T Uny o ooy Uie)s MAK, U1 — 4]
= [DuVip-tn-y "+ Ve o1 — 70l
’ :].ji Dus iV ue-wesr " Vig-u Vg =1 " " Vt1f>(uk+1—‘"k)]
= Vir-tnlVip-tn-r "+ Vur S0)
: 1:—[1 Viear-wlVue-ue_y* Vig=u Vg =5 -+ V2, S(0)

Vul—sztm—t,,,_l o V,lf(o) = Vuk+1-uk e Vug—uqul-—tm e Vzlf(o)
Vtm—‘tm-l e Vuf(o) k=1 Vuk—uk_l e Vuz-uqul—tm e thf(o)

n-un-1""" Vuz—uqur-tm t thf(o)
V‘tm—tm..l e thf(o)

= Vu,.—u,._l T Vu1-1m<V1,,.-t,,,_1 te V11f>(0), a.c.
Now apply Theorem 1.1.

Va
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In the following corollary, integrals of functions with values in C® are to be
thought of as integrals of functions with values in the Banach space C(R,) of
continuous functions mapping R, into R (see [1]).

COROLLARY 2.5. Suppose that V=V,, s€ R* is a nonsingular linear family of
operators whose domain # (V) is contained in C*. Let (V') be the set of all extremal
points of D(V) and define the extremal processes of €(V) to be the processes B, f,
f€EWV). If there exists a o-field 3 for which every function f € 2(V) is the barycenter
of some probability measure v on (6(V), Z), and if for each probability measure v on
@W),X)ands,,..., s, €R%,

Vo Ve J- gv(dg) = f (Vs, -+ Vs, 8)(dg), se€R%,
&w) a&w)

then every characteristic process X=(Q, x,, #, P) e (V) is a mixture of extremal
processes. That is, if X=(Q, x;, &, P)e €(V), then there exist measures v,, e € E on
(6(V), Z) and a measure p on E, such that for all A e A,

P = [ ude) [, ASwa).

Proof. The corollary follows readily from the observation that if the operators
Vs, " Ves 15+ .-, 5» € R commute with the integral, then so do the operators
A, ecE.

Proof of Theorem 0.1. Theorem 0.1 will be proved by showing that ,%;=,€n
=%(,V) where ,V=,V,, s € R% is the nonsingular linear family of operators whose
domain F (V) consists of the set of all infinitely differentiable functions on R,
and for which :

Vo (t) = (—S)"”:Z: (=) DE[(—s—1)* "D f(s+ D)K.

For the duration of the paper, n will be fixed and we will write ,V as V, ,&; as 6;
and %€y as €. In §3 we calculate 2(V). In §4 we show that €(V)=%; and finally,
in §5 we show that €(V)=%.

3. Calculation of 2(V).
THEOREM 3.1. A necessary and sufficient condition that f € D(V) is that

@ 76 = [ foata,

where a(}) is a nonnegative, bounded and nondecreasing function with [ «(dX)=1
and

A =e™S ek,

k=0
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Proof. According to Theorem 2.3, a necessary and sufficient condition that
feD(V)is that fe F(V)=C>(R,), f(0)=1 and
(=1PV,, - Vo f(1) 2 0
for all choices of p, s, .. ., s, and ¢. But for each fe C*(R,)
®) DV, Vo S(t) = (=5)" 71+ - - (=s)" (= D]~
DPrf(t+s1+ -+ D f(t 451+ - - - +5p)]

forallteR,,s;,...,s,€ R* and p=1. This is clearly true for p=1 since

DV, f(t) = (=s)*" (=)' D}[(—s—)' "D, f(s+1)}/(n—1)!.
Assuming equation (5) to hold for p, we have
DtVa,+1 et a;f(t)
= (=522 1D; 2 O DAty DYy Vi Sl 5y )]
1 —1 *
= (_s9+1)n- o '(—31) Dt z k1 [(n )l)']p

-D{‘[(—t—s,,+1)1"‘(t+s,,+1)" 1D{"[(t+s1+ e +sp+ 1)1_"
Dy f(t+s1+ -+ D]

1, n-1 - Dk -
=( Sp+1)" ( S1) Dtkzogi'[)(n(—l))ﬁ’—

“DEFP(t 4514 +8pp ) "D f(t 51+ +8pa)]

- n- n-1 F (=1t
= =(=8p+2)" " (—51) Z(k DI@E-DIP

“DEFPM(t 41t F8p41) D f(E S+ - +5p40)]
P(=H(=D?
+(=8p4)* 71 (—s)*? 2 kK (n—DP
) AR (R +Sv+1)1_'fD‘f(t+s1+ co 4 Spe1)]
= (=8t (=)t
-DPFOM(t 451+ - +8p s 1) DSt 51+ - - 5,0 ) [(— 1P,

and so equation (5) holds for all pe Z ..
From the proof of Theorem 2.3 we see that if fe 2(V), then for each pe Z,,
teR,,ss,...,85€R% we have

(=DPDyY,,--- Vi ft) = 0

and

_r (—1PDV,, - Vo f(t) dt < .
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Thus letting
F(t) = —(n—DYs+t)! "D, f(s+t), seR%¥, teR,,

we see from equation (5) that if fe 2(V), then F, is nonnegative and has the
properties:

(6) (_Dt)pnFs(t) Z 0, te R+’ p eZ+
and
™ f: £ U =D)"F(é)dé < ©, peZ,.

We wish to conclude that F, is a completely monotone function for each s € R%.
Let pe Z, be fixed. Then from inequality (6) we see that there exists a T€ R¥
such that for each 0Lk <n, (— D,)*"**F(t) has the same sign for all > T. But it
follows from inequality (7) that (— D,)*F,(t) >0 as t— oo. Thus for t=7,
(= D)"*1F(t)=0. But

0 = 1°(- Dy () = Detr(— D EE) de

= [ - Dr(e de+ [ (- Dy DEE) de
and so
[[epyir@ds < n [ oDy ae
Thus
["e-Dorrr@a <

and hence (— D))" *1F(t) — 0 as t — co. This, in turn, implies that for all 1> T,
(=D *2F () 2 0.

Proceeding in this manner we can conclude that (— D,)****F(¢)=0 for 0<k=n,
t2T,se R%. But (— D,)"**"F,(¢t)=0forall € R, and so (— D,)P**"*~1F(t)=0 for
all t € R,. Proceeding back in this manner we finally have (— D,)"***F(¢)=0 for
allte R,,se R*,0<k=n. Since p is arbitrary, we conclude that F, is a completely
monotone function. In particular, Fy(z) is a completely monotone function for
te R%. It follows from Bernstein’s Theorem [7], that there exists a positive,
bounded and nondecreasing function 8 for which

— (=)D f(¢) = J: e-NB(@Y), ¢ >0,
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and so,

10 =g [ [

-1)!
2 B

1 0
= l—m f . [1—=£(@)] n

-1 fo t U—fi(Oldd),  o(dh) = A~"B(dN).

Since 0= f(t)<1 and 0= 1—f,(¢t) £1, it follows that for each ¢e>0 and te R,

L “H—f@O)le@) S 1.
Thus

L " o) < lim f " H=A@Ol@d) £ 1.

We may therefore choose «(0) in such a way that [ «(dX)=1 giving us

16 = [~ foaav.
To prove sufficiency we need only note that if f has the form (4), then

D,f(t) = (=) 'g™(@®)/(n—1)!

where
g(n) = J " % o(d)
0

is a completely monotone function. The reader can easily check that <{V.f) is
again of the form (4) so that fe 2(V).

4. Proof that €(V)=%,;. We can prove now that €(V)=%,. A simple calculation
verifies that -
PNmy, = mg+k | ) = e MON(t—s5)]F[k), k=0
Thus if
Ox(B) = PN8Y(B)),
and if h,(w; m, t) is the holding functional for the characteristic process X*=
(Q, x;, A, Q)), then
h(w;m, t) = Qu(Tme1 > Tmtt | N)
= PA[8_1(7m+1 > Tm+t) | 8_1(‘/‘/‘111)]

n-1

= Z P Tpmirs1 > Tnm+t_g Tam+k | N 2m)
k=0

e kio OOFfk! = £i(D).
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As one can easily check,

h)\(w; m, t) = <V1,,,—1,,._1h)\(w; m'—l’ ')>(t)
and so X* e €(V). It therefore follows from Theorem 3.1 and Corollary 2.5 that
€=%(V).

5. Proof that €(V)=%y. Suppose that X e % is a characteristic process
associated with the holding functional 4. Define

J(w;m, s, t) = [Dh(w; m, s—7,)|Dhlwy(71, . . ., Ty 8); m+1, t—5].
Then we have, using Theorem 1.1,
i1 J(w; m—1, 4, Ty 1) du

Tm—1

Itm”J(‘”; m—1,u, Tp.1) du

Tm-1
I P T T . A
P a0 mes DT
Differentiating both sides of this last equality with respect to s and letting

P('rm S Tmoat+s | ‘/Vm-b ”'m+1) =

®

K(w: 1 _ :,,.-IJ(‘”U”—I, u,t)du
(w;m—1,1) = 5 ("'m—l—'f)”-l(t-f)“'ldg'

Tm-1

we have
Jwsm—1,7,_1+8, Tne1) = (=) W (tms1— Tm-1—5)" " K(w; m—1, 7,.,), a.e.,
which becomes upon integrating,
—[Dsh(w; m—1, $)|hlwe(r1, - . o5 Tmo1, Tm-1+S5); M, Tip1— Tm—1—5]
= 7 (mr M rmor— S K(w; m—1, 8 dE, ace.

Tm+1

We can now calculate K(w; m—1, 9). If 7, ., =5=17,_; +s in equation (9), then
—Dh(w;m—1,p—714_1) = (Tp_1—)" 1 J. (E—n)" K(w;m—1, §) d¢, ae.
n

Multiplying both sides of this equation by (,,—, —7)* ~" and differentiating n times
with respect to 7 gives

—Di[(rp-1—n) "Doh(w; m—1,n—7,_1)] = (= 1)"(r— D! K(w;m—1,7), a.e.
or

K(w;m—1,7) = (= )" D2[(rm_1—n)* "Di(w; m—1,q—1n_)l/(n—1)!, ace.

Substituting this last expression for X into equation (9) now gives us

®

h[wxo('rl, ooy Tm-1s Tm-1+s); m, Tm+1""rm—1_S]

Jomsr-tmy=s &' DE(E+5)' ""Dh(w; m—1, £+5)] dé
- (n—D!(=s) ""Dh(w; m—1,5)
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If we let 7,=s+1,_; and t=17,,; — 7, this last equation becomes

hlw(ts, -« s Tm-1, Tm); M, t]
[P & DHE+ 7= 1) " Deh(w; m—1, £+ 7= 7 )] dE
r=D!'(rm-r— ) "Dy Hw; m—1, 7 — T _1)
= Vg Moy m—1, ))1), ae,
which implies that X € €(V).

On the other hand, suppose that X € €(V). If A is the holding functional for X,
then

D¢<V1m-1m-1h(w; m-— la )>(t)

_ P D(rm+ 1= e ) *Dibws M=l et 1= D]
R sV T L 30 P Rty B

Thus
J(w; m» u, Tm+2) = ("'m - u)n - l("'-m+ 2 u)n - 1H’ a°e-9

where H does not depend on u. Substituting this expression for J into equation (8)
gives us

o (rm= )" Ny —20)" "

Tm

f::+z (Tm_u)n_l('rm+2_u)n_1 du

P(‘rm+1 = Tm+S I 'Afm, Tm+2) = a.c.

This completes the proof.
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